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Reorganization of water demand under changing

conditions with possibilistic programming
Figure A1 | Comparison of fuzzy numbers.
APPENDIX A

h-cuts and its use to address the fuzzy inequalities

The ‘h-cut set’ of a fuzzy number ~A represented by hA is

defined for 0< h� 1 as follows (Klir & Yuan ):

hA ¼ x μA(x) � h, x ∈ ℜjf g (A1)

In the case of ‘0-cut’, we can use the following definition

from the strict h-cuts (Klir & Yuan ):

0A ¼ x μA(x)> 0, x ∈ ℜjf g (A2)

It should be mentioned that the h-cut is a crisp set.

Based on the h-cut concept, each fuzzy set can be rep-

resented by a set of crisp sets. In addition, the boundaries

of the fuzzy set can be produced by the use of the ‘0-cut’.

One way to interpret the fuzzy inequalities is the follow-

ing (Rommelfanger ):

Definition: Let ~A and ~B be fuzzy numbers and Ah, Bh

their h-cuts. Then, the fuzzy number ~A is smaller than ~B if

it holds as follows:

inf Ah � inf Bh and supAh � supBh

for each h-cut, h ∈ [0, 1]
(A3)

Namely, we compare together the upper and the lower

boundaries of the fuzzy numbers. This is a pessimistic

approach but not an extremely pessimistic approach (e.g.,

as in Tanaka et al. ), which can be used in our problems

due to the fact that the worse the water availability is, the

worse the water demand becomes.

Another interesting perspective is that, in the case of

fuzzy ‘triangular’ numbers (Equation (5)), it is obvious

that, in order to examine the above inequalities, it is suffi-

cient to examine only both the ‘0-cut’ and the ‘1-cut’,

namely, it is sufficient to examine only the lower boundaries
(α1, β1), the upper boundaries (α3, β3), and the central values

(α2, β2), of the corresponding fuzzy numbers instead of any

h-cut (Figure A1). In other terms, if the inequalities between

the lower, the upper boundaries, and the central values are

applicable, then they will be verified for any other h-cut in

the case of fuzzy ‘triangular’ numbers (Lu et al. b).

Therefore, in Figure A1, it applies as follows:

~A � ~B ,
α1 � β1
α2 � β2
α3 � β3

9=
; (A4)

where (α1, α2, α3) and (β1, β2, β3) are the lower boundary, the

central value and the upper boundary of the fuzzy triangular

numbers ~A, ~B, respectively.
APPENDIX B

Let * denote any of the four basic arithmetic operations and

let A, B denote fuzzy numbers. Consequently, we define a

fuzzy set on R, A*B, based on the following equation (Klir

& Yuan ):

μA�B(z) ¼ ∨
z¼x�y

(μA(x) ∧ μB(y)) (B1)

Let the following fuzzy triangular numbers, A(α1, α2, α3)

and B(β1, β2, β3) and let λ be a crisp number. Then, based on
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the extension principle and the properties of the interval

arithmetic the following equations hold:

α1, α2, α3ð Þ þ β1, β2, β3ð Þ ¼ α1 þ β1, α2 þ β2, α3 þ β3ð Þ (B2)

λ � α1, α2, α3ð Þ ¼ λ � λ � α1, λ � α2, λ � α3ð Þ, λ> 0 (B3)

Usually, the lower and upper boundaries of a triangular

number are described by using the semi-widths:

α2 � α1 ¼ w�, α3 � α2 ¼ wþ.

An interesting perspective is that considering either

the sum of the triangular numbers or the multiplication of

a crisp number with triangular number, the membership

function remains in its linear shape (Xu & Zhou ).

Then, by using simple arithmetic calculations it is easy

to see that the h-cut (μf(z) � h) of the objective function

(max. profit) is described by the following interval:

fh�cut ¼
X

i∈X(M)

pi(di � (1�h)w�
di
),

X
i∈X(M)

pi(di þ (1�h)wþ
di
)

0
@

1
A

(B4)

In the same way, the lower side term of the fuzzy

inequalities can be described by the following h-cut:

X
i∈X(M)

(di � (1� h)w�
di
)þ

X
i∈X(M)

(durban demand)

0
@

þ decological demand,i,
X

i∈X(M)

di þ (1� h)wþ
di

þ
X

i∈X(M)

(durbandemand)þ decological demand,i

1
A (B5)

As mentioned in Appendix A, in this application and

since we deal with triangular numbers, in order to interpret

the fuzzy inequalities, it is enough to deal with the ‘0-cut’

(h¼ 0) and the central values (h¼ 1).

Furthermore, it is easy based on the h-cut and simple

algebraic transformation to determine the shape of the cor-

responding membership function. For instance, in our case,
the objective function can be described by the following

membership function:

μf zð Þ¼

0 if z<
P

i∈X(M)
pi(di�w�

di
)

1�

P
i∈X(M)

pidi�z

P
i∈X(M)

piw�
di

if
P

i∈X(M)
pi(di�w�

di
)�z� P

i∈X(M)
pidi

1�
z� P

i∈X(M)
pidi

P
i∈X(M)

piwþ
di

if
P

i∈X(M)
pidi�z� P

i∈X(M)
pi(diþwþ

di
)

0 if z>
P

i∈X(M)
pi(diþwþ

di
)

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

(B6)

As mentioned before, in this application wdi > 0.
APPENDIX C

The fuzzy flexible programming can be used as a tool inmulti-

criteria analysis. A critical point is the determination of the

membership functions of the multi-objectives. According to

the fuzzy set theory, various types of membership functions

can be used to support the fuzzy analytical framework, the

most popular of which are those of linear type (Tsakiris &

Spiliotis ). In the case of objective functions that are to

be minimized, a non-increasing linear membership function

can be assumed (e.g., Chang et al. ) by adopting a suitable

semi-triangular number as in Figure 2(b), that is, by consider-

ing both the level with full aspiration of the goal (μ¼ 1) and

the lowest acceptable level of the goal (μ¼ 0).

In many practical applications, the lowest acceptable

level and the aspired level can be determined by the individ-

ual solutions of the corresponding optimization of the

objective function problem based on the pay-off matrix.

Let two objective functions, f1 and f2, and let (x(1)
�
, x(2)

�
)

be the matrix of the optimal decision variables achieved

for each individual solution. Thus a pay-off matrix P can

be modulated as follows:

P ¼ f1(x(1)
�
) f1(x(2)

�
)

f2(x(1)
�
) f2(x(2)

�
)

� �
(C1)
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The lowest acceptable and the aspired values are

selected from the above matrix. The elements of the diag-

onal of the matrix are the aspired levels for each objective

(Li & Lai ; Tsakiris & Spiliotis ). For instance,

the membership function for the minimization of the objec-

tive function f1 should be determined as follows:

μ(f1(x)) ¼
1 if f1(x) � D�

0 if f1(x) � Dþ

Dþ � f1(x)
Dþ �D� if D� � f1(x) � Dþ

8>><
>>:

(C2)

whereDþ is the lowest acceptable level andD� is the aspired

level for the objective function f1 which should be mini-

mized (Zimmerman ; Tsakiris & Spiliotis ).

Having all the individual membership functions, the

problem is to determine a global evaluation through a

proper fuzzy aggregator with respect to all objectives (Li

& Lai ). For this purpose, various fuzzy operators can

be used. In this work, the min-intersection is used in order

to achieve a common degree of satisfaction of all the objec-

tive functions.
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